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Ðàññìîòðèì íåëèíåéíóþ äèíàìè÷åñêóþ ñèñòåìó, õàðàêòåðèçóå-
ìóþ äèôôåðåíöèàëüíûì óðàâíåíèåì

ẋ = Ax+Bu+ f(x, u), (1.1)

â êîòîðîì x = (x1, . . . , xn) � n-ìåðíûé äåéñòâèòåëüíûé âåêòîð ñî-
ñòîÿíèÿ, u = (u1, . . . , um) � m-ìåðíûé äåéñòâèòåëüíûé âåêòîð óï-
ðàâëåíèÿ, A è B � äåéñòâèòåëüíûå (n × n)- è (n ×m)-ìàòðèöû, à
f = (f1, . . . , fn) � âåêòîðíàÿ ôóíêöèÿ, îïðåäåëåííàÿ è íåïðåðûâíàÿ
âìåñòå ñî ñâîèìè ÷àñòíûìè ïðîèçâîäíûìè

∂f i

∂xj
, i, j = 1, . . . , n

è
∂f i

∂uj
, i = 1, . . . , n, j = 1, . . . ,m

â ïðîñòðàíñòâå Rn+m.
Ïðåäïîëîæèì, ÷òî íà÷àëüíîå ñîñòîÿíèå

x(t0) = c (1.2)

çàäàíî, à çàäà÷à óïðàâëåíèÿ ñèñòåìîé (1.1) çàêëþ÷àåòñÿ â ìèíèìè-
çàöèè ôóíêöèîíàëà

J(u) =
1

2

T∫
t0

[〈e(t), Qe(t)〉+ 〈u(t), Ru(t)〉] dt+ 1

2
〈e(T ), P e(T )〉, (1.3)

â êîòîðîì T � ôèêñèðîâàííîå êîíå÷íîå âðåìÿ, Q è P � ïîëîæèòåëü-
íûå ïîëóîïðåäåëåííûå (n × n)-ìàòðèöû, R � ïîëîæèòåëüíî îïðå-
äåëåííàÿ (m×m)-ìàòðèöà è e(t) � îøèáêà ñèñòåìû, ò.å.

e(t) = x(t)− z(t)
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äëÿ âñåõ çíà÷åíèé t0 ≤ t ≤ T , ãäå z = (z1, . . . , zn) � n-ìåðíûé
äåéñòâèòåëüíûé âåêòîð, õàðàêòåðèçóþùèé çàäàííûé ðåæèì ôóíê-
öèîíèðîâàíèÿ ñèñòåìû (1.1).

Ñëåäóÿ ðàáîòå [1], îáîçíà÷èì ÷åðåç uN (t), xN (t) � íåêîòîðîå N -
å ïðèáëèæåíèå ê îïòèìàëüíîìó óïðàâëåíèþ è ñîñòîÿíèþ â çàäà÷å
(1.1)�(1.3). Òîãäà (N +1)-å ïðèáëèæåíèå xN+1(t) ìîæåò áûòü ïîëó-
÷åíî èç ðåøåíèÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
âèäà

ẋN+1 = AxN+1 +BuN+1 + f(xN , uN ), xN+1(t0) = c, (1.4)

ãäå îïòèìàëüíîå óïðàâëåíèå uN+1(t) äàåòñÿ çàêîíîì óïðàâëåíèÿ ñ
îáðàòíîé ñâÿçüþ

uN+1(t) = R−1B′[hN+1(t)−K(t)xN+1(t)],

â êîòîðîì K(t) � ðåøåíèå ìàòðè÷íîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ Ðèêêàòè

K̇(t) = −K(t)A−A′K(t) +K(t)BR−1B′K(t)−Q

ñ ãðàíè÷íûì óñëîâèåì
K(T ) = P,

à hN+1(t) � ðåøåíèå ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ḣN+1(t) = −[A−BR−1B′K(t)]′hN+1(t)−Qz(t)+K(t)f(xN (t), uN (t))
(1.5)

ñ ãðàíè÷íûì óñëîâèåì

hN+1(T ) = Pz(T ). (1.6)

Íà÷àëüíîå ïðèáëèæåíèå îáû÷íî îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè

x0(t) ≡ c

è
u0(t) ≡ R−1B′[Pz(T )−K(t)c].

Ñõîäèìîñòü äàííîé ñõåìû ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé îï-
ðåäåëÿåò ñëåäóþùàÿ òåîðåìà.

Ïóñòü L2 � ìíîæåñòâî ôóíêöèé, îïðåäåëåííûõ íà îòðåçêå [t0, T ],
ïðèíèìàþùèõ çíà÷åíèÿ â ïðîñòðàíñòâå Rm è ñóììèðóåìûõ ñ êâàä-
ðàòîì ïî Ëåáåãó íà [t0, T ]. Äàëåå, ïóñòü LT

2 � ÷àñòü ìíîæåñòâà L2,
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òàêàÿ, ÷òî äëÿ êàæäîé ôóíêöèè u ∈ LT
2 óðàâíåíèå (1.1) èìååò àáñî-

ëþòíî íåïðåðûâíîå ðåøåíèå x(t), îïðåäåëåííîå äëÿ âñåõ çíà÷åíèé
t0 ≤ t ≤ T è óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ (1.2). Â ýòèõ
îáîçíà÷åíèÿõ èìååò ìåñòî

Òåîðåìà. Äëÿ êàæäîé òî÷êè (t0, c) ïðîñòðàíñòâà R1+n íàé-

äåòñÿ òàêîå äåéñòâèòåëüíîå ÷èñëî T0 > t0, ÷òî äëÿ âñåõ çíà-

÷åíèé t0 < T < T0 çàäà÷à (1.1)�(1.3) èìååò ðåøåíèå x∗(t), u∗(t).
Áîëåå òîãî, îêàçûâàåòñÿ, ÷òî ïðè t0 ≤ t ≤ T

u∗(t) = R−1B′[h∗(t)−K(t)x∗(t)],

ãäå h∗(t) � ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ḣ∗(t) = −[A−BR−1B′K(t)]′h∗(t)−Qz(t) +K(t)f(x∗(t), u∗(t))

ñ ãðàíè÷íûì óñëîâèåì

h∗(T ) = Pz(T ).

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðèâåäåíî â ðàáîòå [1]. Âûáîð çíà÷å-
íèÿ T çàâèñèò îò âèäà ôóíêöèè f è îïðåäåëÿåòñÿ ñîîòíîøåíèÿìè,
ïîëó÷åííûìè òàêæå â ðàáîòå [1].

Çàìåòèì, ÷òî ïðàâàÿ ÷àñòü óðàâíåíèÿ (1.5) íå çàâèñèò îò ôóíê-
öèè xN+1(t). Ïîýòîìó ñóùåñòâóåò è åäèíñòâåííî åãî ðåøåíèå ñ ãðà-
íè÷íûì óñëîâèåì (1.6), ÷òî è îïðåäåëÿåò ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü ðåøåíèÿ çàäà÷è (1.4), à òàêæå ÷èñëåííóþ ñõåìó ïîñòðî-
åíèÿ ïðèáëèæåííûõ ðåøåíèé ýòèõ óðàâíåíèé.
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