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Äèíàìè÷åñêàÿ ñèñòåìà îáùåãî âèäà ñ êâàäðàòè÷íîé ïðàâîé ÷àñòüþ

Ðàññìîòðèì àâòîíîìíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

Ẋ = B0 + B1X + ϕ(X ), (1)

ãäå X (t) = [x1(t) . . . xn(t)]T � âåêòîðíàÿ ôóíêöèÿ âðåìåíè t
ñî çíà÷åíèÿìè â ïðîñòðàíñòâå Rn, B0 ∈ Rn � çàäàííûé âåêòîð-
ñòîëáåö,

ϕ(X ) = [ϕ1(X ) . . . ϕn(X )]T ,

ϕp(X ) = 〈QpX ,X 〉, B1 è Qp (p = 1, n) � ìàòðèöû (n × n) äåé-
ñòâèòåëüíûõ ÷èñåë.
Àíàëèç ñîâðåìåííîé ëèòåðàòóðû ïîêàçàë, ÷òî ôîðìóëû îáùåãî
ðåøåíèÿ ñèñòåì âèäà (1) â êëàññå êàêèõ-ëèáî èçâåñòíûõ ôóíêöèé
ïîêà íå íàéäåíî.
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Ïðèìåðû ñèñòåì ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè

Ñèñòåìà Ëîðåíöà 
ẋ1 = σ(x2 − x1),

ẋ2 = rx1 − x2 − x1x3,

ẋ3 = x1x2 − bx3.

Äëÿ äàííîé ñèñòåìû ìàòðèöû èìåþò âèä:

B0 = 0, B1 =


−σ σ 0

r −1 0

0 0 −b

 , Q1 = 0,

Q2 =


0 0 −1

0 0 0

0 0 0

 , Q3 =


0 1 0

0 0 0

0 0 0

 .
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Ïðèìåðû ñèñòåì ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè

Ñèñòåìà ×åíà 
ẋ1 = a (x2 − x1) ,

ẋ2 = (c − a)x1 − x1x3 + cx2,

ẋ3 = x1x2 − bx3,

Äëÿ äàííîé ñèñòåìû ìàòðèöû èìåþò âèä:

B0 = 0, B1 =


−a a 0

c − a c 0

0 0 −b

 , Q1 = 0,

Q2 =


0 0 −1

0 0 0

0 0 0

 , Q3 =


0 1 0

0 0 0

0 0 0

 .
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Äðóãèå ïðèìåðû ñèñòåì ñ êâàäðàòè÷íûìè íåëèíåéíîñòÿìè
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×èñëåííî-àíàëèòè÷åñêîå ðåøåíèå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

Ïóñòü

X (t) =
∞∑
i=0

Λi t
i ,

ãäå Λ0 = X (0) � âåêòîð çíà÷åíèé íà÷àëüíûõ óñëîâèé äëÿ ñèñòå-
ìû (1), Λi ∈ Rn.

ϕp(X ) =
∞∑
i=0

Φi ,pt i , Φi ,p =
i∑

j=0

〈QpΛj ,Λi−j〉, p = 1, n.

Ïóñòü
Φi = [Φi ,1 . . . Φi ,n]T .

Λ1 = B0 + B1Λ0 + Φ0. (2)

Ðåêóððåíòíîå ñîîòíîøåíèå ïðè i ≥ 2

Λi =
B1Λi−1 + Φi−1

i
. (3)
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Îöåíêà îáëàñòè ñõîäèìîñòè ðÿäîâ

h1(Λ0) = ‖Λ0‖ , µ = n max
p=1,n

‖Qp‖ ,

h2(Λ0) =

{
‖B0‖+ (‖B1‖+ 2µ)h1 + µh21, åñëè h1 > 1,

‖B0‖+ ‖B1‖+ µ â ïðîòèâíîì ñëó÷àå.

Ðÿäû ñõîäÿòñÿ ïðè t ∈ (−τ ; τ), ãäå τ = 1/h2.
Âûáåðåì

0 < ∆t < τ

èëè
−τ < ∆t < 0.

Êðèòåðèé îêîí÷àíèÿ ñóììèðîâàíèÿ

‖Λi‖ |∆t|i < εp.

Lozi R., Pogonin V.A., Pchelintsev A.N. A new accurate numerical method

of approximation of chaotic solutions of dynamical model equations with

quadratic nonlinearities // Chaos, Solitons & Fractals. 2016. Vol. 91.

PP. 108�114.
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Àëãîðèòì ÷èñëåííîãî ðåøåíèÿ

1 Çàäàòü çíà÷åíèÿ ìàøèííîãî ýïñèëîí εm è way (1 èëè −1).
2 Çàäàòü çíà÷åíèÿ T , εp è Λ0 = X (0).
3 t := 0.
4 Âû÷èñëèòü çíà÷åíèå ∆t êàê ôóíêöèþ îò Λ0.
5 t := t + ∆t.
6 Åñëè t > T , òî flag := 1; ∆t := ∆t − (t − T )
Èíà÷å åñëè t < T , òî flag := 0
Èíà÷å flag := 1.

7 p := 1; i := 0; x := Λ0.
8 i := i + 1; p := p · way ·∆t. Âû÷èñëèòü Λi ïî ôîðìóëå (2)

èëè (3).
9 x := x + Λi · p.
10 L := ‖Λi‖ · |p|.
11 Åñëè L > εp, òî ïåðåéòè ê øàãó 8.
12 Λ0 := x .
13 Âûâîä Λ0.
14 Åñëè flag = 0, òî ïåðåéòè ê øàãó 4.
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Îáîçíà÷åíèÿ

Ïîëîæèì, ÷òî

Ω = [t0; t1] ∪ [t1; t2] ∪ . . . ∪ [tN−1; tN ],
t0 = 0, tN = T ,
∆tl = tl − tl−1,

nl � ñòåïåíü ïîëèíîìà, ñîîòâåòñòâóþùåãî ìîìåíòó âðåìåíè tl ,
l = 1,N,

nmin = min
l

nl , nmax = max
l

nl , lmin = indmin
l

nl ,

lmax = indmax
l

nl , ∆tmin = min
l

∆tl ,

∆tmax = max
l

∆tl , dmin = indmin
l

∆tl ,

dmax = indmax
l

∆tl .
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Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà äëÿ ñèñòåìû ×åíà

a = 35, b = 3 è c = 28.

� t x1(t) x2(t) x3(t)

1 0 −10.3391 −11.1003 23.8488
2 3.695 −10.4283 −10.7454 23.3929

3 8.411 −10.5177 −10.7434 23.5557

� t ẋ1(t) ẋ2(t) ẋ3(t)

1 0 −26.6412 8.14097 43.2213
2 3.695 −11.0986 16.0749 41.8775

3 8.411 −7.89935 20.561 42.3287

Èñõîäíûå òåêñòû ïðîãðàììû äîñòóïíû ïî àäðåñó

https://github.com/alpchelintsev/chen_sources
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Ïðÿìîé ïðîõîä ïî âðåìåíè

T 3.695 8.411

N 7549 16869

nmin 18 19

lmin N N

nmax 27 27

lmax 2304 2304

tlmin 3.69487 8.41082

tlmax 1.26107 1.26107

∆tmin 0.000129384 0.000179493

dmin lmin lmin

tdmin tlmin tlmin

∆tmax 0.00124324 0.00124324

dmax 2299 2299

tdmax 1.25485 1.25485
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Îáðàòíûé ïðîõîä ïî âðåìåíè

−T −3.695 −8.411

N̂ 7549 16869

n̂min 18 19

l̂min N̂ N̂

n̂max 27 27

l̂max 5206 14526

tl̂min
−3.69489 −8.41083

tl̂max
−2.38689 −7.10279

∆tmin −0.000109911 −0.000165672

d̂min l̂min l̂min

td̂min
tl̂min

tl̂min

∆tmax −0.00124325 −0.00124325

d̂max 5252 14572

td̂max
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Ïðîâåðêà

x1,0 = −10.33913519761, x2,0 = −11.10031188035,
x3,0 = 23.84877914089.

εp = 10−53, εm = 2.54895 · 10−57 (bm = 189).

Òàêàÿ òî÷íîñòü îáåñïå÷èâàåò ñîâïàäåíèå âñåõ çíàêîâ ïîñëå
çàïÿòîé íà÷àëüíûõ óñëîâèé ïðè îáðàòíîì ïðîõîäå ïî âðåìåíè.

N = N̂, tlmax +
∣∣∣tl̂max

∣∣∣ ≈ T , dmax + d̂max ≈ N, tdmax +
∣∣∣td̂max

∣∣∣ ≈ T .

Lozi R., Pchelintsev A.N. A new reliable numerical method for computing

chaotic solutions of dynamical systems: the Chen attractor case //

International Journal of Bifurcation and Chaos. 2015. Vol. 25. Iss. 13.

1550187. 10 pp.
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Äóãà òðàåêòîðèè â àòòðàêòîðå è óñòîé÷èâîñòü ïî Ïóàññîíó

Íà ðèñóíêå x = x1, y = x2 è z = x3.
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×àñòíûé ñëó÷àé ðàçëîæåíèÿ â ñòåïåííîé ðÿä äëÿ ñèñòåìû Ëîðåíöà

ẋ1 = σ(x2 − x1), ẋ2 = rx1 − x2 − x1x3, ẋ3 = x1x2 − bx3.

x1(t) =
∞∑
i=0

αi t
i , x2(t) =

∞∑
i=0

βi t
i , x3(t) =

∞∑
i=0

γi t
i .

Ðåêóððåíòíûå ñîîòíîøåíèÿ äëÿ âû÷èñëåíèÿ êîýôôèöèåíòîâ:

αi+1 =
σ (βi − αi )

i + 1
, βi+1 =

rαi − βi −
i∑

j=0

αjγi−j

i + 1
, γi+1 =

i∑
j=0

αjβi−j − bγi

i + 1
,

ãäå i = 0, 1, 2, .... Îöåíêà îáëàñòè ñõîäèìîñòè ðÿäîâ:

h1 = max{2σ, r + 2h2 + 1, b + 2h2 + 1}, h2 = max{|α0|, |β0|, |γ0|}.

Åñëè h2 ≥ 1, òî h3 = h1h2. Èíà÷å h3 = max{2σ, r + 2, b + 1}.
Ðÿäû ñõîäÿòñÿ ïðè t ∈ (−τ ; τ), ãäå τ = 1/h3.

Ï÷åëèíöåâ À.Í. ×èñëåííîå è ôèçè÷åñêîå ìîäåëèðîâàíèå äèíàìèêè ñèñòåìû

Ëîðåíöà // Ñèáèðñêèé æóðíàë âû÷èñëèòåëüíîé ìàòåìàòèêè. 2014. T. 17. Âûï.

2. Ñ. 191-201.
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Ïðèìåíåíèå ìåòîäà äëÿ ñèñòåì ñ íåïðîäîëæàþùèìèñÿ ðåøåíèÿìè

ẋ = 1+ x2, x(0) = 0. (4)

Èìååò ðåøåíèå
x(t) = tg(t),

óðàâíåíèåì îäíîé èç àñèìïòîò êîòîðîãî ÿâëÿåòñÿ t =
π

2
. Êàê èçâåñòíî1, ýòà

ôóíêöèÿ ìîæåò áûòü ðàçëîæåíà â ñòåïåííîé ðÿä, ñõîäÿùèéñÿ íà ïîëóèíòåðâàëå

t ∈
[
0;
π

2

)
.

Ñ äðóãîé ñòîðîíû, äëÿ ïîèñêà ðåøåíèÿ çàäà÷è (4) ìîæíî èñïîëüçîâàòü îïèñàííûé
âûøå ìåòîä. Ïîëó÷àåìàÿ îáëàñòü ñõîäèìîñòè áóäåò ñîäåðæàòüñÿ âíóòðè ïîëóèí-

òåðâàëà
[
0;
π

2

)
. Ôîðìóëû äëÿ ðàñ÷¼òà êîýôôèöèåíòîâ ðÿäà

x(t) =
∞∑
i=0

pi t
i

èìåþò âèä:

p1 = 1+ p20 , pi+1 =

i∑
j=0

pjpi−j

i + 1
, i = 1, 2, 3, ... (5)

1Ôèõòåíãîëüö Ã.Ì. Êóðñ äèôôåðåíöèàëüíîãî è èíòåãðàëüíîãî èñ÷èñëåíèÿ. Ò. II. � Ì.: Íàóêà,
1966. � Ñ. 497.
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Ïðèìåíåíèå ìåòîäà äëÿ ñèñòåì ñ íåïðîäîëæàþùèìèñÿ ðåøåíèÿìè

Èçíà÷àëüíî â ôîðìóëå (5) ïðåäïîëàãàåòñÿ, ÷òî p0 = 0, èñõîäÿ èç íà÷àëüíîãî óñëî-
âèÿ çàäà÷è (4). Îïèñàííûì ìåòîäîì ìû ïîñòðîèì ÷àñòü òðàåêòîðèè. ×àñòè òðàåê-
òîðèè ñøèâàþòñÿ. Ïðè ïðèáëèæåíèè ê âåðòèêàëüíîé àñèìïòîòå çíà÷åíèå ôàçîâîé
êîîðäèíàòû x óâåëè÷èâàåòñÿ, à îöåíèâàåìàÿ âåëè÷èíà äëèíû èíòåðâàëà ñõîäèìî-
ñòè

τ =
1

h2(p0)
= O

(
1

p20

)
,

óìåíüøàåòñÿ ïðè p0 →∞, ãäå

h2(p0) =

{
1+ 2|p0|+ p20 , åñëè |p0| > 1,

2 â ïðîòèâíîì ñëó÷àå.

Òàêèì îáðàçîì, ÷èñëåííàÿ ñõåìà íèêîãäà íå ïåðåïðûãíåò àñèìïòîòó t =
π

2
è áóäåò

ïðèáëèæàòüñÿ ê íåé ñêîëü óãîäíî áëèçêî.
Â èçâåñòíîé ëèòåðàòóðå2 ðàññìàòðèâàåòñÿ òîëüêî ìîäèôèêàöèÿ ìåòîäà Ýéëåðà
äëÿ òàêèõ ñèñòåì.

2Æóêîâñêèé Å.Ñ. Î ïàðàìåòðè÷åñêîì çàäàíèè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ è åãî
ïðèáëèæåííîì ïîñòðîåíèè // Èçâåñòèÿ âûñøèõ ó÷åáíûõ çàâåäåíèé. Ìàòåìàòèêà. 1996. Âûï. 4. Ñ.
31-34.
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Ìîäåëèðîâàíèå ðîñòà ðàêîâûõ îïóõîëåé

Â 2016-îì ãîäó3 áûëà ïðåäëîæåíà ñèñòåìà ñ êâàäðàòè÷íûìè
íåëèíåéíîñòÿìè äëÿ ìîäåëèðîâàíèÿ ðîñòà ðàêîâûõ îïóõîëåé

ẋ1 = 2Nx1 − x21 − Hx1x3,
ẋ2 = (4− I )x2 + 0.5x21 − 0.14x22 − 0.5Hx2x3 + 0.001x23 ,
ẋ3 = −Ix3 + 0.07x22 + 0.5Hx2x3 − 0.002x23 ,

(6)

ãäå ïàðàìåòðû N � ïîïóëÿöèÿ íîðìàëüíûõ êëåòîê, H � ïîïó-
ëÿöèÿ êëåòîê-õîçÿèíîâ ïàðàçèòà, I � ïîïóëÿöèÿ èììóííûõ êëå-
òîê (Ò-ëèìôîöèòû è åñòåñòâåííûå êèëëåðû); x1(t), x2(t) è x3(t)
� ïîïóëÿöèè âî âðåìåíè t ïðîëèôåðèðóþùèõ ðàêîâûõ êëåòîê
â àâàñêóëÿðíîé, ñîñóäèñòîé è ìåòàñòàçèðóþùåé ôàçàõ ñîîòâåò-
ñòâåííî.
Äàëåå ïðè èññëåäîâàíèè ñèñòåìû íà îòðåçêå âðåìåíè [0; 27.327]
áûëî ïîäîáðàíî bm = 160, εm = 1.36846 · 10−48 è εp = 10−40.

3Llanos-P�erez J.A., Betancourt-Mar J.A., Cochob G., Mansilla R., Nieto-Villar J.M. Phase transitions
in tumor growth: III vascular and metastasis behavior // Physica A: Statistical Mechanics and its
Applications. 2016. Vol. 462. PP. 560-568.
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Ïðèâåäåíèå ñèñòåìû ê îáùåìó âèäó

Ïðèâåä¼ì ñèñòåìó (6) ê îáùåìó âèäó (1) äèíàìè÷åñêîé
ñèñòåìû:

Ẋ = AX + Φ(X ),

ãäå

X (t) = [x1(t) x2(t) x3(t)]T , Φ(X ) = [ϕ1(X ) ϕ2(X ) ϕ3(X )]T ,

ϕp(X ) = 〈QpX ,X 〉, p = 1, 3, A =

 2N 0 0
0 4− I 0
0 0 −I

 ,
Q1 =

 −1 0 −H
0 0 0
0 0 0

 , Q2 =

 0.5 0 0
0 −0.14 −0.5H
0 0 0.001

 ,
Q3 =

 0 0 0
0 0.07 0.5H
0 0 −0.002

 .
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Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

ρ(t) =
√

(x1(t)− x1(t0))2 + (x2(t)− x2(t0))2 + (x3(t)− x3(t0))2.

 0 1 2 3 4 5 6

 0
 1

 2
 3

 4
 5

 6

 0

 2

 4

 6

 8

 10

x3

'-'

x1
x2

x3

Íàéäåíî ïðåäåëüíîå ðåøåíèå, áëèçêîå
ê ïåðèîäè÷åñêîìó, ïðè N = 5, H = 3 è
I = 0.7.

x1(0) = 0.1450756817,
x2(0) = 0.8395885828,
x3(0) = 9.954786333.

ρ(t0) ≈ ρ(t2) ≈ ρ(t4),
ρ(t1) ≈ ρ(t3) ≈ ρ(t5),

t2 − t0 ≈ t4 − t2 ≈ t3 − t1 ≈
≈ t5 − t3 ≈ 10.89 � ïåðèîä,

n tn x1(tn) x2(tn) x3(tn) ρ(tn)
0 0 0.1450756817 0.8395885828 9.954786333 0
1 5.553 0.1201387594 0.7151506515 9.6198216985 0.358201
2 10.889 0.1434845476 0.8337896719 9.953662472 0.006117
3 16.439 0.1207485467 0.7178109534 9.6243463945 0.353004
4 21.778 0.1437352539 0.8342333601 9.9494643143 0.007668
5 27.327 0.118689978 0.7111230373 9.6323947777 0.348049
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Ñðàâíåíèå ñ ìåòîäîì Ðóíãå-Êóòòû 4-îãî ïîðÿäêà òî÷íîñòè

ε{rk4} =

√(
x
{rk4}
1

− x1(T )
)2

+
(

x
{rk4}
2

− x2(T )
)2

+
(

x
{rk4}
3

− x3(T )
)2
,

ãäå T � äëèíà îòðåçêà âðåìåíè, ãäå ïðîèçâîäèòñÿ ÷èñëåííîå èíòåãðè-
ðîâàíèå. Â íàøåì ñëó÷àå T = 27.327.

∆t{rk4} ε{rk4}

0.05 0.0387658

0.01 4.06488 · 10−5
0.005 2.40695 · 10−6
0.001 3.68753 · 10−9

∆t{rk4} � øàã ìåòîäà Ðóíãå-Êóòòû.

Pchelintsev A.N. An accurate numerical method and algorithm for constructing

solutions of chaotic systems // Journal of Applied Nonlinear Dynamics. 2020.

Vol. 9. Iss. 2. PP. 207-221.
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Ñðàâíåíèå ñ äðóãèìè äèíàìè÷åñêèìè ñèñòåìàìè

Ñðàâíåíèå äëèí T îòðåçêîâ èíòåãðèðîâàíèÿ è òî÷íîñòè εp äëÿ
ðàçíûõ äèíàìè÷åñêèõ ñèñòåì.

Äèíàìè÷åñêàÿ ñèñòåìà T εp
Ñèñòåìà Ëîðåíöà 6.827 10−50

Ñèñòåìà ×åíà 8.411 10−53

Ñèñòåìà Ñïðîòòà�Äæàôàðè4 34 10−15

Ñèñòåìà (6) 27.327 10−40

4Jafari S., Sprott J.C., Nazarimehr F. Recent new examples of hidden attractors // The European
Physical Journal Special Topics. 2015. Vol. 224. Iss. 8. PP. 1469-1476.
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ëèíåàðèçàöèÿ

Ïóñòü x4(t), x5(t) è x6(t) � âîçìóùåíèÿ. Âûïîëíèì ïðîöåäóðó
ëèíåàðèçàöèè èñõîäíîé ñèñòåìû:

∂
(
AX + Φ(X )

)
∂X

 x4
x5
x6

 =

=


2Nx4 − 2x1x4 − Hx3x4 − Hx1x6

x1x4 + (4− I )x5 − 0.28x2x5 − 0.5Hx3x5 − 0.5Hx2x6 + 0.002x3x6

0.14x2x5 + 0.5Hx3x5 − Ix6 + 0.5Hx2x6 − 0.004x3x6

 .
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ðàñøèðåíèå èñõîäíîé ñèñòåìû

Ðàñøèðèì ñèñòåìó (6), ââåäÿ â íå¼ äîïîëíèòåëüíûå ôàçîâûå êîîðäèíàòû x4, x5
è x6. Òîãäà ìàòðèöà A ñèñòåìû (1) äëÿ ñèñòåìû (6) èìååò âèä:

A =


2N 0 0 0 0 0
0 4− I 0 0 0 0
0 0 −I 0 0 0
0 0 0 2N 0 0
0 0 0 0 4− I 0
0 0 0 0 0 −I

 ,

ìàòðèöû Q1, Q2 è Q3 áóäóò ñîäåðæàòü íóëè íà íîâûõ ìåñòàõ,

Q4 =


0 0 0 −2 0 −H
0 0 0 0 0 0
0 0 0 −H 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , Q5 =


0 0 0 1 0 0
0 0 0 0 −0.28 −0.5H
0 0 0 0 −0.5H 0.002
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 ,

Q6 =


0 0 0 0 0 0
0 0 0 0 0.14 0.5H
0 0 0 0 0.5H −0.004
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 .
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ðàñ÷¼ò êîýôôèöèåíòîâ ðÿäà

x1(t) =
∞∑
i=0

α1,i t
i , x2(t) =

∞∑
i=0

α2,i t
i , x3(t) =

∞∑
i=0

α3,i t
i ,

x4(t) =
∞∑
i=0

α4,i t
i , x5(t) =

∞∑
i=0

α5,i t
i , x6(t) =

∞∑
i=0

α6,i t
i ,

(7)



α1,i+1 =
2Nα1,i − r1,i − Hr4,i

i + 1
,

α2,i+1 =
(4− I )α2,i + 0.5r1,i − 0.14r2,i − 0.5Hr5,i + 0.001r3,i

i + 1
,

α3,i+1 =
−Iα3,i + 0.07r2,i + 0.5Hr5,i − 0.002r3,i

i + 1
,

α4,i+1 =
2Nα4,i − 2r6,i − Hr7,i − Hr8,i

i + 1
,

α5,i+1 =
(4− I )α5,i + r6,i − 0.28r9,i − 0.5Hr10,i − 0.5Hr11,i + 0.002r12,i

i + 1
,

α6,i+1 =
−Iα6,i + 0.14r9,i + 0.5Hr10,i + 0.5Hr11,i − 0.004r12,i

i + 1
, i = 0, 1, 2, ...
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: íåëèíåéíîñòè

x2

1
= x1 · x1 ⇒ r1,i =

i∑
j=0

α1,jα1,i−j , x2

2
⇒ r2,i =

i∑
j=0

α2,jα2,i−j ,

x2

3
⇒ r3,i =

i∑
j=0

α3,jα3,i−j , x1x3 ⇒ r4,i =
i∑

j=0

α1,jα3,i−j ,

x2x3 ⇒ r5,i =
i∑

j=0

α2,jα3,i−j , r6,i =
i∑

j=0

α1,jα4,i−j ,

r7,i =
i∑

j=0

α3,jα4,i−j , r8,i =
i∑

j=0

α1,jα6,i−j , r9,i =
i∑

j=0

α2,jα5,i−j ,

r10,i =
i∑

j=0

α3,jα5,i−j , r11,i =
i∑

j=0

α2,jα6,i−j , r12,i =
i∑

j=0

α3,jα6,i−j .
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: îáëàñòü ñõîäèìîñòè ðÿäîâ

Äëÿ I ≥ 0, H > 1 è N > 0

‖A‖ = ‖A‖1 = max{2N, |4− I |, I}, ‖Q1‖ = ‖Q1‖1 = H,

‖Q2‖ = ‖Q2‖1 = 0.5H + 0.001, ‖Q3‖ = ‖Q3‖1 = 0.5H + 0.002,

‖Q4‖ = ‖Q4‖1 = H + 2,

‖Q5‖ = ‖Q5‖1 = max{0.5H + 0.002, 1},

‖Q6‖ = ‖Q6‖1 = 0.5H + 0.14,

µ = 6 max
p=1,6

‖Qp‖ = 6(H + 2),

h1 =
6∑

p=1

|αp,0|, h2 =

{
µh21 + (‖A‖+ 2µ)h1, åñëè h1 > 1,

‖A‖+ µ â ïðîòèâíîì ñëó÷àå,

τ =
1

h2(α1,0, α2,0, α3,0, α4,0, α5,0, α6,0)
,

t ∈ [0; τ) � ðÿäû (7) ñõîäÿòñÿ.
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ìîäèôèêàöèÿ àëãîðèòìà Áåíåòòèíà

1 Ðàçäåëèòü îòðåçîê âðåìåíè [0; T ] íà îòðåçêè äëèíîé
θ = T/M, M � èõ êîëè÷åñòâî, êîòðîå çàäà¼òñÿ;

2 Ïóñòü Y (k) =
[
α
(k)
1,0 α

(k)
2,0 α

(k)
3,0

]
, Z

(k)
(1) =

[
α
(k,1)
4,0 α

(k,1)
5,0 α

(k,1)
6,0

]
,

ãäå k = 0,M. Àíàëîãè÷íî ââåä¼ì äâà äðóãèõ âåêòîðà Z
(k)
(2)

è Z
(k)
(3) ;

3 Çàäàòü çíà÷åíèÿ êîìïîíåíòîâ âåêòîðà íà÷àëüíûõ óñëîâèé
Y (0) èññëåäóåìîãî ðåøåíèÿ ñèñòåìû (6). Çàäàòü Z

(0)
(1) , Z

(0)
(2)

è Z
(0)
(3) 6= 0;

4 k := 0, λ1 := 0, λ2 := 0, λ3 := 0;

5 Åñëè k 6= 0, òî λ1 := λ1 + ln
∣∣∣Z (k)

(1)

∣∣∣, λ2 := λ2 + ln
∣∣∣Z (k)

(2)

∣∣∣,
λ3 := λ3 + ln

∣∣∣Z (k)
(3)

∣∣∣;
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ìîäèôèêàöèÿ àëãîðèòìà Áåíåòòèíà

6 Âûïîëíèòü íîðìàëèçàöèþ

Z
(k)
(1) :=

Z
(k)
(1)∣∣∣Z (k)
(1)

∣∣∣ ;
7 Âû÷èñëèòü

a(k) :=
〈

Z
(k)
(2) ,Z

(k)
(1)

〉
, Z

(k)
(2) := Z

(k)
(2) − a(k)Z

(k)
(1) ;

8 Âûïîëíèòü íîðìàëèçàöèþ

Z
(k)
(2) :=

Z
(k)
(2)∣∣∣Z (k)
(2)

∣∣∣ ;
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ìîäèôèêàöèÿ àëãîðèòìà Áåíåòòèíà

9 Âû÷èñëèòü

b(k) :=
〈

Z
(k)
(3) ,Z

(k)
(1)

〉
, c(k) :=

〈
Z

(k)
(3) ,Z

(k)
(2)

〉
,

Z
(k)
(3) := Z

(k)
(3) − b(k)Z

(k)
(1) − c(k)Z

(k)
(2) ;

10 Âûïîëíèòü íîðìàëèçàöèþ

Z
(k)
(3) :=

Z
(k)
(3)∣∣∣Z (k)
(3)

∣∣∣ ;
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ìîäèôèêàöèÿ àëãîðèòìà Áåíåòòèíà

11 Åñëè k 6= M, òî ïîñòðîèòü òðè ïðèáëèæ¼ííûõ ðåøåíèÿ
ðàñøèðåííîé ñèñòåìû (6) íà îòðåçêå âðåìåíè [0, θ], ñëåäóÿ
îïèñàííîìó àëãîðèòìó â ïðÿìîì âðåìåíè. Â äàííîì ñëó÷àå,
íà÷àëüíûå óñëîâèÿ X

(k)
(1) (0), X

(k)
(2) (0) and X

(k)
(3) (0) íà k-îé èòå-

ðàöèè ôîðìèðóþòñÿ êàê

X
(k)
(m)(0) =

[
Y (k) Z

(k)
(m)

]T
, m = 1, 3.

Ïåðâûå òðè êîìïîíåíòû âåêòîðà X
(k)
(m)(θ) â êàæäîì ïî m

ïîëó÷åííîì ïðèáëèæ¼ííîì ðåøåíèè îäèíàêîâû.
Çàïèñàòü èõ â âåêòîð Y (k+1) íà ñîîòâåòñòâóþùèå ïîçèöèè,
îñòàëüíûå êîìïîíåíòû çàïèñàòü â Z

(k+1)
(m) ;
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Âû÷èñëåíèå ïîêàçàòåëåé Ëÿïóíîâà: ìîäèôèêàöèÿ àëãîðèòìà Áåíåòòèíà

12 k := k + 1;
13 Åñëè k ≤ M òî ïåðåéòè ê øàãó 5;
14

λ1 :=
λ1
T
, λ2 :=

λ2
T
, λ3 :=

λ3
T

;

15 Âûâåñòè λ1, λ2, λ3.
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Ðåçóëüòàòû âû÷èñëåíèé ïîêàçàòåëåé Ëÿïóíîâà

Ãðóïïû íà÷àëüíûõ çíà÷åíèé Z
(0)
(m) äî íîðìàëèçàöèè äëÿ ëèíåà-

ðèçîâàííîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íîìåð ãðóïïû Z
(0)
(1) Z

(0)
(2) Z

(0)
(3)

I
α
(0,1)
4,0 = 5,

α
(0,1)
5,0 = 7,

α
(0,1)
6,0 = 13

α
(0,2)
4,0 = 10,

α
(0,2)
5,0 = −1,
α
(0,2)
6,0 = 11

α
(0,3)
4,0 = 8,

α
(0,3)
5,0 = 6,

α
(0,3)
6,0 = 9

II
α
(0,1)
4,0 = −6,
α
(0,1)
5,0 = 13,

α
(0,1)
6,0 = 5

α
(0,2)
4,0 = 63,

α
(0,2)
5,0 = 1,

α
(0,2)
6,0 = −17

α
(0,3)
4,0 = 31,

α
(0,3)
5,0 = −7,
α
(0,3)
6,0 = 19

III
α
(0,1)
4,0 = 1,

α
(0,1)
5,0 = −4,
α
(0,1)
6,0 = 75

α
(0,2)
4,0 = 7,

α
(0,2)
5,0 = −13,
α
(0,2)
6,0 = 11

α
(0,3)
4,0 = −40,
α
(0,3)
5,0 = 51,

α
(0,3)
6,0 = 39

IV
α
(0,1)
4,0 = 1,

α
(0,1)
5,0 = 1,

α
(0,1)
6,0 = 2

α
(0,2)
4,0 = 1,

α
(0,2)
5,0 = −37,
α
(0,2)
6,0 = 11

α
(0,3)
4,0 = 29,

α
(0,3)
5,0 = −3,
α
(0,3)
6,0 = 5
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Ðåçóëüòàòû âû÷èñëåíèé ïîêàçàòåëåé Ëÿïóíîâà

Îöåíêà ïîêàçàòåëåé Ëÿïóíîâà è ðàçìåðíîñòè Êàïëàíà-Éîðêå äëÿ
ïîëó÷åííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ.

Íîìåð ãðóïïû λ1 λ2 λ3 DKY

I 0.0233993 0.0172255 −2.15924 2.0188
II 0.0433011 0.00520866 −2.16712 2.0224
III 0.0159841 −0.0156199 −2.11898 2.0233
IV 0.018629 −0.0180543 −2.11919 2.0318

Pchelintsev A.N. An accurate numerical method and algorithm for constructing

solutions of chaotic systems // Journal of Applied Nonlinear Dynamics. 2020.

Vol. 9. Iss. 2. PP. 207-221.
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Ñëó÷àé êóáè÷åñêîé íåëèíåéíîñòè: óðàâíåíèå Äóôôèíãà

ẍ + δẋ + αx + βx3 = γ cos(ωt + t0),

x(0) = p0, ẋ(0) = p1.

x(t) =
∞∑
i=0

pi t
i , (8)

u0 = 1, u1 =
ωu0
1
, u2 =

ωu1
2
, ..., ui =

ωui−1
i

, ...

pi+2 = −δpi+1

i + 2
−

β

i∑
j=0

pi−j

j∑
k=0

pkpj−k

(i + 1)(i + 2)
+

γui cos

(
ωt0 +

πi

2

)
(i + 1)(i + 2)

,

i = 0, 1, 2, ...

Pchelintsev A.N., Ahmad S. Solution of the Duffing equation by the power

series method // Transactions of the TSTU. 2020. Vol. 26. Iss. 1. PP.

118-123.
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Ñëó÷àé êóáè÷åñêîé íåëèíåéíîñòè: óðàâíåíèå Äóôôèíãà

Ïîñêîëüêó

lim
i→∞

ωi

i !
= 0,

òî ñóùåñòâóåò òàêîå çíà÷åíèå i = i∗, ÷òî äëÿ ëþáûõ i > i∗ èìååò
ìåñòî íåðàâåíñòâî

ωi

i !
< 1.

Ââåä¼ì îáîçíà÷åíèÿ

Nω = max
i=0,i∗

ωi

i !
,
ω0

0!
= 1,

h1 = max{|p0|, |p1|, 1}, h2 = δ + β
(
3h21 + 3h1 + 1

)
+ γNω + 1,

h = h1h2.

Äîêàçàíà òåîðåìà: ðÿä (8) ñõîäèòñÿ ïðè t ∈
(
−1

h
;
1
h

)
.
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Ðàñøèðåííûé ìåòîä ãàðìîíè÷åñêîãî áàëàíñà äëÿ ñèñòåìû Ëîðåíöà

x1(t) ≈ x̃1(t) = x1,0 +
h∑

i=1

(
c1,i cos(iωt) + s1,i sin(iωt)

)
,

x2(t) ≈ x̃2(t) = x2,0 +
h∑

i=1

(
c2,i cos(iωt) + s2,i sin(iωt)

)
,

x3(t) ≈ x̃3(t) = x3,0 +
h∑

i=1

(
c3,i cos(iωt) + s3,i sin(iωt)

)
,

ãäå h � çàäàííîå êîëè÷åñòâî ãàðìîíèê.
Â ñèëó ïðàâîé ÷àñòè ñèñòåìû Ëîðåíöà ñîñòàâèì íåâÿçêè

δ1(t) = x̃ ′1(t)− σ[x̃2(t)− x̃1(t)],
δ2(t) = x̃ ′2(t)− [r x̃1(t)− x̃2(t)− x̃1(t)x̃3(t)],
δ3(t) = x̃ ′3(t)− [x̃1(t)x̃2(t)− bx̃3(t)],

ãäå øòðèõîì ïåðåîáîçíà÷åíà ïðîèçâîäíàÿ ôóíêöèè ïî âðåìåíè.

Pchelintsev A.N. A numerical-analytical method for constructing periodic solutions

of the Lorenz system // Differencialnie Uravnenia i Protsesy Upravlenia. 2020.

Iss. 4. PP. 59-75.
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Àëãîðèòì ìåòîäà, èñïîëüçóþùèé ñèìâîëüíûå âû÷èñëåíèÿ

1 Ïðîäèôôåðåíöèðîâàòü ïî âðåìåíè ñîîòâåòñòâóþùèé òðèãî-
íîìåòðè÷åñêèé ïîëèíîì.

2 Ãäå èìåþòñÿ ïðîèçâåäåíèÿ ôàçîâûõ êîîðäèíàò, ïåðåìíî-
æèòü ñîîòâåòñòâóþùèå òðèãîíîìåòðè÷åñêèå ïîëèíîìû, ïðå-
îáðàçîâàâ ïðè ýòîì ïðîèçâåäåíèÿ òðèãîíîìåòðè÷åñêèõ ôóíê-
öèé â ñóììû.

3 Ïðèâåñòè ïîäîáíûå ñëàãàåìûå äëÿ êàæäîé ôóíêöèè cos() è
sin() ñ ñîîòâåòñòâóþùèì àðãóìåíòîì.

4 Îòñå÷ü îò ïîëó÷åííîé íåâÿçêè ãàðìîíèêè áîëåå âûñîêîãî
ïîðÿäêà.

5 Ïðèðàâíÿòü ïîëó÷åííóþ íåâÿçêó ê íóëþ, ò.å. êîýôôèöèåíòû
ïðè åå ãàðìîíèêàõ.
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Äîïîëíèòåëüíîå óðàâíåíèå

Åñëè ñîáðàòü â åäèíîå öåëîå íàéäåííûå àëãåáðàè÷åñêèå óðàâíåíèÿ äëÿ
êàæäîé íåâÿçêè, òî ïîëó÷èì ïîêà åù¼ íåçàìêíóòóþ ñèñòåìó íåëèíåé-
íûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ àìïëèòóä c1,i , s1,i , c2,i , s2,i ,
c3,i è s3,i (i = 1, h), ïîñòîÿííûõ ÷ëåíîâ x1,0, x2,0 è x3,0 è öèêëè÷å-
ñêîé ÷àñòîòû ω. Êîëè÷åñòâî íåèçâåñòíûõ â ñèñòåìå ðàâíî 6h + 4, à
óðàâíåíèé � íà åäèíèöó ìåíüøå.
Èçâåñòíî5, ÷òî èñêîìûå öèêëû ïåðåñåêàþò ïëîñêîñòü, ïðîõîäÿùóþ ÷å-
ðåç ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû Ëîðåíöà

O1

(
−
√

b(r − 1), −
√

b(r − 1), r − 1

)
, O2

(√
b(r − 1),

√
b(r − 1), r − 1

)

è ïàðàëëåëüíóþ ïëîñêîñòè x1Ox2 (ñå÷åíèå Ïóàíêàðå). Òàêèì îáðàçîì,
òðåòüÿ êîîðäèíàòà â íà÷àëüíîì óñëîâèè äëÿ èñêîìûõ öèêëîâ ðàâíà
âåëè÷èíå r − 1, îòêóäà x̃3(0) = r − 1. Òîãäà äîïîëíèòåëüíîå óðàâíåíèå
ñèñòåìû èìååò âèä:

x3,0 +
h∑

i=1

c3,i − 27 = 0.

5Galias Z., Tucker W. Validated study of the existence of short cycles for chaotic systems using
symbolic dynamics and interval tools // International Journal of Bifurcation and Chaos. 2011. Vol. 21.
Iss. 2. PP. 551-563.
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Ñèñòåìà íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

Ïðèìåíÿÿ íåñëîæíûå ïðåîáðàçîâàíèÿ, ìîæíî ïîëó÷èòü ñëåäóþ-
ùóþ ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé (äàëåå çàïèøåì å¼ áåç
çíàêà ñèñòåìû, ò.ê. ìû óêàçûâàåì îáùèé âèä óðàâíåíèé äëÿ êàæ-
äîãî íîìåðà i = 1, h):

x3,0 +
h∑

i=1

c3,i − 27 = 0,

iωs1,i − 10c2,i + 10c1,i = 0,

−iωc1,i − 10s2,i + 10s1,i = 0,

x1,0 − x2,0 = 0,
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Ñèñòåìà íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

iωs2,i − 28c1,i + c2,i + x1,0c3,i + c1,ix3,0 +
1

2

h−i∑
m=1

(c1,mc3,m+i + s1,ms3,m+i ) +

+
1

2

i−1∑
m=1

(c1,mc3,i−m − s1,ms3,i−m) +
1

2

h∑
m=i+1

(c1,mc3,m−i + s1,ms3,m−i ) = 0,

− iωc2,i − 28s1,i + s2,i + x1,0s3,i + s1,ix3,0 +
1

2

h−i∑
m=1

(c1,ms3,m+i − s1,mc3,m+i ) +

+
1

2

i−1∑
m=1

(c1,ms3,i−m + s1,mc3,i−m) +
1

2

h∑
m=i+1

(−c1,ms3,m−i + s1,mc3,m−i ) = 0,

−28x1,0 + x2,0 + x1,0x3,0 +
1

2

h∑
m=1

(c1,mc3,m + s1,ms3,m) = 0,
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Ñèñòåìà íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé

iωs3,i − x1,0c2,i − c1,i x2,0 −
1

2

h−i∑
m=1

(
c1,mc2,m+i + s1,ms2,m+i

)
−

−
1

2

i−1∑
m=1

(
c1,mc2,i−m − s1,ms2,i−m

)
−

1

2

h∑
m=i+1

(
c1,mc2,m−i + s1,ms2,m−i

)
+

8

3
c3,i = 0,

− iωc3,i − x1,0s2,i − s1,i x2,0 −
1

2

h−i∑
m=1

(
c1,ms2,m+i − s1,mc2,m+i

)
−

−
1

2

i−1∑
m=1

(
c1,ms2,i−m + s1,mc2,i−m

)
−

1

2

h∑
m=i+1

(
−c1,ms2,m−i + s1,mc2,m−i

)
+

8

3
s3,i = 0,

−x1,0x2,0 −
1

2

h∑
m=1

(
c1,mc2,m + s1,ms2,m

)
+

8

3
x3,0 = 0.
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Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Â ðåçóëüòàòå ìíîãî÷èñëåííûõ âû÷èñëèòåëüíûõ ýêñïåðèìåíòîâ
áûëî ïîäîáðàíî íà÷àëüíîå ïðèáëèæåíèå äëÿ öèêëè÷åñêîé ÷à-
ñòîòû, ïîñòîÿííûõ ÷ëåíîâ è àìïëèòóä ïðè h = h1 = 5:

ω = 4, x1,0 = x2,0 = x3,0 = 0, c1,i = −1, i = 1, 5,
s1,j = 0, j = 1, 3, 4, 5, s1,2 = 1.

Äàííûé ðåçóëüòàò çàìå÷àòåëåí òåì, ÷òî ìåòîä Íüþòîíà ñõîäèò-
ñÿ ê ðåøåíèþ, îòëè÷íîìó îò ïîëîæåíèé ðàâíîâåñèÿ. Ïîýòîìó
äëÿ óëó÷øåíèÿ òî÷íîñòè ïðèáëèæåííîãî ïåðèîäè÷åñêîãî ðåøå-
íèÿ ìû ðàññìàòðèâàåì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ
çíà÷åíèÿ h, ðàâíîãî íåêîòîðîìó h2 > h1. Ïîëó÷åííîå ÷èñëåííîå
ðåøåíèå ñèñòåìû ïðè h = h1 áåð¼òñÿ êàê íà÷àëüíîå ïðèáëèæå-
íèå äëÿ àìïëèòóä ñ èíäåêñàìè i ≤ h1 ó ñèñòåìû ñ h = h2, à
çíà÷åíèÿ íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ àìïëèòóä ñ èíäåêñàìè
i > h1 ïîëàãàþòñÿ ðàâíûìè íóëþ.
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Ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà

Ïðè h = 35 è ñ òî÷íîñòüþ ìåòîäà Íüþòîíà, ðàâíîé 10−8, áûëî ïîëó-
÷åíî ñëåäóþùåå ïðèáëèæåíèå ê ïåðèîäè÷åñêîìó ðåøåíèþ: çíà÷åíèå
ïåðèîäà ïîëó÷àåòñÿ ðàâíûì T = 1.558652210, íà÷àëüíîå óñëîâèå �

x̃1(0) = −2.147367631, x̃2(0) = 2.078048211, x̃3(0) = 27.

Äàííûå íà÷àëüíûå çíà÷åíèÿ áûëè ïðîâåðåíû íà ïåðèîäå â êîìïüþ-
òåðíîé ïðîãðàììå, ðåàëèçóþùåé ÷èñëåííîå èíòåãðèðîâàíèå ñèñòåìû
Ëîðåíöà îïèñàííûì âûøå ìåòîäîì ñ òî÷íîñòüþ îöåíêè îáùåãî ÷ëåíà
ðÿäà 10−25, 100 áèò ïîä ìàíòèññó âåùåñòâåííîãî ÷èñëà è ìàøèííûì
ýïñèëîí 1.57772 · 10−30. Ïðè òàêèõ ïàðàìåòðàõ ìåòîäà ïðèáëèæ¼ííûå
çíà÷åíèÿ ôàçîâûõ êîîðäèíàò, ïîëó÷åííûå ñ ïîìîùüþ ÷èñëåííîãî èí-
òåãðèðîâàíèÿ, áûëè òàêæå ïðîâåðåíû òåì æå ÷èñëåííûì ìåòîäîì,
íî â îáðàòíîì âðåìåíè. Çíà÷åíèÿ â îáðàòíîì âðåìåíè ñîâïàäàþò ñ
ïðèâåä¼ííûìè äî 9-îãî çíàêà âêëþ÷èòåëüíî ïîñëå òî÷êè. Ðåçóëüòèðó-
þùèå æå çíà÷åíèÿ x1(T ), x2(T ) è x3(T ) ñîâïàäàþò ñ ïðèâåä¼ííûìè
äî 8-îãî çíàêà âêëþ÷èòåëüíî.
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Öèêë, ïîëó÷åííûé ìåòîäîì ãàðìîíè÷åñêîãî áàëàíñà
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Èñõîäíûå òåêñòû ïðîãðàììû äîñòóïíû ïî àäðåñó

https://github.com/alpchelintsev/periodic_sols
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Íåàâòîíîìíàÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

ïåðèîäè÷åñêîé ïðàâîé ÷àñòüþ

Íà ïðàêòèêå ÷àñòî âîçíèêàåò çàäà÷à ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøå-
íèé íîðìàëüíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé âèäà

ẋ = f (t, x), t ∈ R, (9)

ãäå ôóíêöèÿ f : R× Rn → Rn ïðåäñòàâëÿåò ñîáîé ñóììó

f (t, x) = ϕ(x) + h(t)

ìíîãîìåðíîãî ìíîãî÷ëåíà ϕ(x) è òðèãîíîìåòðè÷åñêîãî ïîëèíîìà h(t),
ÿâëÿþùåãîñÿ T -ïåðèîäè÷åñêîé âåêòîðíîé ôóíêöèåé.
Ïóñòü èçâåñòíî, ÷òî ñèñòåìà (9) èìååò åäèíñòâåííîå T -ïåðèîäè÷åñêîå
ðåøåíèå x∗(t). Ïðèìåðàìè ñèñòåì, èìåþùèõ åäèíñòâåííîå ïåðèîäè÷å-
ñêîå ðåøåíèå, ÿâëÿþòñÿ ñèñòåìû ñ êîíâåðãåíöèåé. Ðàññìîòðèì îäèí
êëàññ òàêèõ ñèñòåì, äëÿ êîòîðîãî óäàëîñü ïðåäëîæèòü ñïîñîá ïîñòðî-
åíèÿ ïðèáëèæåíèÿ ê ðåøåíèþ x∗(t).
Ïóñòü C∗ � âåêòîð, äëÿ êîòîðîãî

x∗(0) = C∗.
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Óñëîâèÿ, íàêëàäûâàåìûå íà ôóíêöèþ f

1. Ïóñòü Sr ⊂ Rn � çàìêíóòûé øàð ðàäèóñà r , ñîäåðæàùèé çíà÷åíèÿ
ðåøåíèÿ x∗(t), SR � çàìêíóòûé øàð ðàäèóñà R, ïðè÷åì Sr ⊂ SR , è
ñóùåñòâóåò òàêîå ïîëîæèòåëüíîå ÷èñëî l < 1/(2T ), ÷òî äëÿ ëþáûõ
p, q ∈ SR èìååò ìåñòî íåðàâåíñòâî

|ϕ(p)− ϕ(q)| ≤ l |p − q|.

2. Ñóùåñòâóåò òàêîå ïîëîæèòåëüíîå ÷èñëî M < (R − r)/(2T ), ÷òî äëÿ
âñåõ x ∈ SR è ëþáûõ t ∈ [0; T ] âûïîëíÿåòñÿ íåðàâåíñòâî

|f (t, x)| ≤ M.

Ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ, îïðåäåëÿåìûå ôîðìóëàìè

y0(t, C) ≡ C ,

ym+1(t, C) = C +

∫ t

0

[
f (s, ym(s, C))−

1

T

∫ T

0

f (τ, ym(τ, C))dτ

]
ds (10)

äëÿ ëþáîãî C ∈ Sr ñõîäÿòñÿ ðàâíîìåðíî äëÿ âñåõ t ∈ [0; T ] ê íåêîòî-
ðîé ïåðèîäè÷åñêîé ôóíêöèè y(t,C ). Ïðè÷åì, åñëè âûáðàòü C = C∗,
òî îêàæåòñÿ, ÷òî

y(t,C∗) = x∗(t).
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Ïîèñê ïðèáëèæåíèé ê ïåðèîäè÷åñêèì ðåøåíèÿì

Èñõîäÿ èç ôîðìóëû (10), êàæäàÿ èòåðàöèÿ âû÷èñëÿåòñÿ â ñèì-
âîëüíîé ôîðìå. Ïðè ýòîì ïîñëå ïðåîáðàçîâàíèé òðèãîíîìåòðè-
÷åñêèõ ôóíêöèé ïîä èíòåãðàëîì âñåãäà ìîæíî ïîëó÷èòü òðèãî-
íîìåòðè÷åñêèé ïîëèíîì ñ íóëåâûì ñðåäíèì èíòåãðàëüíûì çíà-
÷åíèåì. Àíàëèòè÷åñêàÿ ôîðìà ïðåäñòàâëåíèÿ ïðèáëèæåíèÿ ê
ïåðèîäè÷åñêîìó ðåøåíèþ óäîáíà òåì, ÷òî äàåò âîçìîæíîñòü ïðî-
âåñòè àíàëèç ãàðìîíèê, ñîñòàâëÿþùèõ ýòî ïðèáëèæåíèå. Ïîñëå
âû÷èñëåíèÿ î÷åðåäíîé èòåðàöèè ñòðîèòñÿ ôóíêöèÿ

θm(C ) =

∣∣∣∣∫ T

0
f (τ, ym(τ,C ))dτ

∣∣∣∣2 ,
ìèíèìóì êîòîðîé è äàñò ïðèáëèæåíèå ê âåêòîðó C ∗.
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Ïðèìåð ñèñòåìû âòîðîãî ïîðÿäêà

Â êà÷åñòâå ïðèìåðà áûëà ðàññìîòðåíà íåëèíåéíàÿ ñèñòåìà âòîðîãî
ïîðÿäêà ñ êîíâåðãåíöèåé âèäà (9), ãäå

x(t) =

[
ξ(t)
η(t)

]
, ϕ(x) =

[
η − Q(ξ)
−g(ξ)

]
, h(t) =

[
1/2400

0

]
· sin(24t),

ãäå Q(ξ) = 0, 01ξ(1+2ξ2/3), g(ξ) = 0, 03ξ. Îáíàðóæåíî, ÷òî íà ïåðâîé
è âòîðîé èòåðàöèÿõ çíà÷åíèÿ íàéäåííûõ ïðèáëèæåíèé ê âåêòîðó C∗

îäèíàêîâû, è

C∗ '
[
−1/57600

0

]
.

Â.À. Ïëèññîì6 äîêàçàíû òåîðåìû, ïîçâîëÿþùèå ïîëó÷èòü çíà÷åíèå
ðàäèóñà r âëîæåííîãî øàðà;

r =

√
7

30
, R = 0.5.

6Ïëèññ Â.À. Íåëîêàëüíûå ïðîáëåìû òåîðèè êîëåáàíèé. � Ì.,Ë.: Íàóêà, 1964. � 367 ñ.
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Ñïàñèáî çà âíèìàíèå
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